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A QUASILINEAR HYPERBOLIC
INTEGRODIFFERENTIAL EQUATION
RELATED TO A NONLINEAR STRING

BY
MELVIN L. HEARD

ABSTRACT. We discuss global existence, boundedness and regularity of solu-
tions to the integrodifferential equation

ugt(t, z) + c(t)ue(t,z) — M </+°° |u1(t,.s)|2 ds) uzz(t, ) + u(t, z)

= h(t, z,u(t, z)), 0<t<oo, z€R,
u(0,z) = uo(z), wut(0,z) = ui(x), z€R.
This type of equation occurs in the study of the nonlinear behavior of elastic
strings. We show that if the initial data ug(z), u1(z) is small in a suitable sense,
and if the damping coefficient ¢(t) grows sufficiently fast, then the above equa-
tion possesses a globally defined classical solution for forcing terms h(t,z,u)

which are sublinear in u. In the nonlinearity we require that M € C1[0, c0)
and, in addition, satisfies M(A\) > mg > 0 for all A > 0.

1. Introduction. We consider the following integrodifferential equation:

y et et =M ([ e ) ds) une(t0) + it )
= h(t, z,u(t,)), 0<t<oo, z€R,
(1.2) u(0,z) = uo(z), u(0,2) = ui(z), zeR.

Equations of this type have occurred during the study of the nonlinear behavior
of elastic strings [14]. A derivation of (1.1) for finite strings is given in [15] where
the purely transverse vibration of a linearly elastic stretched string is considered.
The basic physical assumptions are that the longitudinal strain of the string is very
small and that the tension F is uniform along the string but may vary with time
to accomodate changes in arc length of the string. The nonlinearity arises from
the assumption that F' depends on the arc length S of the string at time ¢ > 0 by
the relation F' = Fy + C[(S — L)/L] where Fy is the minimum tension, L is the
minimum length and C is a physical constant.

Our study of (1.1), (1.2) was motivated by a problem posed by J. L. Lions [12]
concerning the initial-boundary value problem

up(t, z) — (mo +/ |u¢,;(t,s)|2 ds> uzz(t, ) = h(t,z),
0
0<t<oo, 0<z< 00,
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806 M. L. HEARD
(1.4) u(t,0) =0, 0<t< oo,

(1.5) u(0,z) = uo(z), w(0,2) =u;(x), 0<z< o0,

where mg > 0is a constant. By making the appropriate oddness asumptions, we can
obtain solutions to (1.3), (1.4), (1.5) from the problem (1.1), (1.2) (cf. Theorem 3).
The difficulty with the approach used in [12] is in obtaining the necessary estimates
even for the existence of local solutions. In this study we rely on the results of
Hughes, Kato and Marsden [8] to obtain local solutions of arbitrary smoothness.
This is a relatively straightforward application of [8] and does not require any
a priori bounds on u(t,z). We then derive estimates to extend the solution to
infinity in the time variable. For this part of the argument we modify some ideas of
R. W. Dickey [4, 5], who considered a problem similar to (1.3), (1.4), (1.5) but
on a bounded interval 0 < z < L. Dickey was interested in the infinite system of
ordinary differential equations associated with his solution by means of a Fourier
sine series. Crucial to his analysis was a certain function Ej N (see [4, p. 462])
which acted like a Liapunov function for his system. It is this function that we
modify for our purposes.

There are other types of integrodifferential equations similar to (1.1) and we
mention, in particular, the one occurring in the study of hinged bars [16]. This
type is usually referred to as the extensible beam equation and has been studied
before (see, for example, [2, 3, 6, 7]). However, in the extensible beam equation
the highest order term is linear and fourth order in the space variable. This is a
great advantage in the analysis of that equation which is not present in (1.1).

In §2 we state the abstract result from [8] that is needed for local solutions of
(1.1), (1.2). This result is based on the linear theory of evolution equations with
time varying generators developed in [9, 10]. In this linear theory the concept
of stable and quasi-stable families of operators plays a central role. To keep our
presentation coherent, we recall the definition of a stable family. Let X be a Banach
space with norm ||-|| and let {A(¢): 0 <t < T} be a family of closed, linear, densely
defined operators in X whose domains D(A(t)) may change with t. We say that
{A(t): 0 <t < T} is astable family on [0, 7] if there are constants M, 3 such that

I(AGte) +AD T (A) +ADTH S M= B)7F, A> B,

for every finite family {t;} with 0 <t; <t3 <--- <tx <T. This concept will be
used in the proof of Theorem 4.

In §3 we give a proof of the local existence theorem for (1.1), (1.2). In this
theorem no sign condition is made on c¢(t) and no growth restriction is imposed
on h(t,z,u) in the u variable. Our main result is given in §4, Theorem 4. We
show that if the initial data is sufficiently “small” and if the damping coefficient
c(t) grows sufficiently fast, then (1.1), (1.2) will possess globally defined classical
solutions for forcing terms h(t,z,u) which are sublinear in u. The growth of ¢(t)
depends on h(t,z,u), M()) as well as the intial data ug(z),u1(z). We can take
¢(t) = any positive constant, t > 0, only if h(¢,z,u) = 0. Our arguments differ from
the usual type of proofs of this nature in that our small solutions at ¢ = 0 do not
necessarily remain small for all ¢ > 0. So in §5 we give some results on the pointwise
boundedness of solutions of (1.1), (1.2). The hypotheses stated in that section are
sufficiently general enough to hold automatically in the case h(t,z,u) = 0.
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Finally, we note that our estimates are derived by means of energy methods
and therefore can be applied to suitably generalized higher dimensional problems
of the form (1.1), (1.2) (cf. [13, Problem 11.10, Chapter 2]). But to keep the
exposition clear, we discuss only the one-dimensional problem (1.1), (1.2). We
mention also that in the case of (1.3), (1.4), (1.5), where ¢(t) = 0, we have no
results on the development of singularities of the solution u(t,z). Thus we cannot
state for certain that solutions fail to exist for all time ¢ > 0.

2. Preliminaries. We outline briefly the main conditions from the abstract
theory needed to solve (1.1), (1.2). In order to simplify the discussion, we only
consider quasilinear evolution equations of the form

(2.1) du/dt + A(u)u = f(t,u), 0<t<T.

Suppose X, Y, Z are real, separable, reflexive Banach spaces with dense contin-
uous embeddings Y — X — Z. Let || - ||x, |- |lv, ]l - ||z denote the respective norms
on X,Y,Z. We let N(Z) be the set of all norms on Z which are equivalent to || - || z
and we define a metric on N(Z) by

2#£0 \|2||u ' 2#0 ”Z““

2z Al
d(n~nu,n-nu>:logrnax{gup"“# sup 121 },

Let W C Y be a nonempty open set and let {|| - ||(w): w € W} be a family of
norms in N(Z) which satisfies:
(N) There are positive constants Ay, un such that

dll - lwys 1 12) < Ans Al Ny |- ) < pnllw = @]l x,

for all w,w € W.

Let {A(w): w € W} be a family of closed linear operators in Z with dense
domains D(A(w)). For each w € W, assume that —A(w) generates a Cop-semigroup
{e~esA®); 0 < s < 400} in Z. We assume further that:

(A1) There is a constant 3 such that [le=*4®)z]|,,y < €%||z]|(,) for all z € Z,
weW,0<s<oo.

(A2) For each w € W we have Y C D(A(w)) and A(w): Y — X is a bounded
linear operator. Also, there are positive constants A4, pa such that ||A(w)|ly,x <
A4 and {A(w) — A(W)|ly,z < pallw — 0|}z for all w,w € W.

(A3) There is a linear isomorphism S of Y onto Z such that for all w € W we
have SA(w)S~1 = A(w) on D(A(w)).

(A4) There is a dense set D C W such that for each yo € D we have A(w)yo € Y
for all w € W. Also, there is a positive constant A¢ depending only on yg such that
||A(w)y0||y <Xl forallweWw.

(f) There is a function f: [0,T]xW — Y and positive constants A, uy, W such
that ||£(¢,w)]ly < s and

I£(tw) = f(t, D)z < pyllw = dllz, [1f(tw) - fE D)y < phllw—dlly

forall0 <t < T, wand @ in W. Also, the map ¢t — f(¢,w) is continuous from
[0,T) to Z.
From (8, Theorems I, II] we have the following result.
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THEOREM 1. Let (N), (A1)-(A4) and (f) be satisfied. Then, given ug € W and
to € [0,T), there is b € (0,T — to] and a unique function u(t), which belongs to
C([to, to+60); W)NC([to, to +b0); X), such that u(to) = uo and u(t) satisfies (2.1)
forallty <t <top+8p. We call u(t) a strong solution of (2.1) and if ug — ug in W
then the corresponding solutions u™(t) converge to u(t) in the Y-norm, uniformly
on [to, to + 50].

3. Local existence. We first outline our basic assumptions for equation (1.1).
Let s > 0 be an integer and let H® denote the real Sobolev (Hilbert) space of
all real-valued measurable functions ¢(z), defined for z € R, whose distributional
derivatives D*¢ are square integrable on R. for all 0 < k < s. We define a norm on
H* by

+oo 3
el = [ DM (o) da

© k=0
Let s > 1 be fixed and let X, Y, Z denote the product (Hilbert) spaces

Z=H'xH° X=H°*xH*! Y=H%V'xH*

with norms ) on2 2 o 1
I2llz = lI2°I7 + lI="ll5, 2= (2" 2") € Z,
[oll% = [IO02 + [0*)13-,, v =(%0") €X,
lwlly = w20y + w2,  w= (@’ w')eY.

We make the following assumptions on the functions M, ¢ and h occurring in
(1.1):

(M) The function M € C'[0,00) and there is a number mg € (0,1) such that
M(X) > mg >0 for all A > 0.

(c) The function ¢ € C|0, 00).

(h) The function h: [0,00)xRXR — R is continuous with s+1 continuous partial
derivatives with respect to (z,£) € R x R. Also, for each T > 0 and each compact
interval K there is a constant C = C(K,T) = 0 such that |D?z,£)h(t, z,€)| <C
foral0 <t<T,z€eR, €€ K,0 <~ < s+ 1 Furthermore, the function
(t,z) — h(t,z,0) belongs to C([0, T]; H®) for every T > 0.

We have the following result.

THEOREM 2. Lets > 2 and tg € [0,00) be given. Let assumptions (M), (c) and
(h) be satisfied. Then for each pair (ug,u;) € H*+! x H® there exists 6o > 0 and
a unique classical solution u(t,z) which satisfies (1.1) for to <t < to+bo, z € R,
with
(3.1) u(to, ) = uo(z), we(to,r) =ui(z), z€R.

PROOF. For each w = (w% w!) € Y we define

A(w)p = (—p',-M(||Dw°|3)D?*¢°%), ¢ € D(A(w))=H? x H".
Then (1.1), (3.1) can be written as a first order system
(3.2) dv/dt + A(v(t))v = f(t,v(t)), t>to,

(3.3) v(to) = vo,
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where

0
f(tv w)(z) = (h(t, z, ’wo(:l?)) — wo(:z:) - c(t)'wl(z))

for w = (w0, w!) €Y.

Let to € [0,+00) be given and choose a fixed constant T > to. Let R > 0 be
given and define W = {w € Y: |w||y < R}. We show that (3.2), (3.3) satisfy the
conditions of Theorem 1. In what follows we let C;, 1 = 1,2,3,..., denote generic
constants which depend ultimately only on R and T. In order to verify hypothesis
(N) we define, for each w = (w®, w') € Y, norms | - ||(,,) and corresponding inner
products (-, ) () on Z by

21y = B(w; 2°,2%) + 1213, (v,2)(w) = B(w;v°,2°) + (v, 2")o,

for all v = (v%,v') and z = (29, 2!) in Z, where

+o0
B(wip,¥) = M(IDw°[G) [ Dp(«)Dy(x)dz, o€ H'.

oo

By (M) we have

HIzl1wy — 2l1fs)| < Callw — @y |zl
for all z € Z and all w,w € W. On the other hand,

zll2wy = I21E2)| = Calll2llw) = NIzl )l 2]l 2-

Thus we obtain

[ 1zll(w) = llzll@a)| < Csllw —wlly 2]z
and this implies

a(ll - Ny Il - lwy) < log{Callw — @y + 1} < Cs|lw — wlly

for all w,w € W. Also, it is easy to see that d(|| - [|(w), || - |z) < Cé for all w € W.
This verifies that hypothesis (N) holds.

We prove that (A1) holds with 3 = 0. First, it is clear that for each w € W the
operator A(w) is closed, linear and densely defined in Z. So by the Hille-Phillips-
Yosida Theorem it suffices to show that for each w € W we have

(3.4) I(A@w) + AD) " 2wy < A2l w)s  2€2Z, A>0.
Integration by parts gives

((A(w) + A)v,v) (w) = /\||v||%w), v € D(A(w)), A >0,
so that
(35 NA@)+ Aol > Alollwy, v € D(Aw)), A>0.

Thus (3.4) will follow from (3.5) once we prove that A(w)+ AI maps H? x H! onto
H' x H°. Given z € H! x H?, the solvability of the system (A(w) + Al)v = z for
v = (v%,v!) € H? x H! is equivalent to solving, for each p € HO, the problem

(3.6) ~M(||Dw®||3)D%0(z) + A2 (z) = (z), —00< T < 400,
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(3.7) 00 e H2.

If p is C*° with compact support in R, then we can solve (3.6), (3.7) explicitly by
Fourier transforms. The solution v° will also be C* and belong to H® for every
s > 0. Thus the operator defined by the left-hand side of (3.6) with domain H? has
dense range in H°. But by (M) the range of this operator is closed in H?. Hence
(3.6), (3.7) has the required solution for each A > 0.

Assumption (A2) is obvious because of the local Lipschitz continuity of M(\).
To verify (A3) we define the operator S by

_(a-ppr o
S= < 0 (1_D2)s/2>'

We know that S: H®t! x H® — H! x HY is one-one, onto and continuous, with

continuous inverse
S"l B (1 _ D2)—s/2 0
B 0 (1-D?%=s/2 "

We need only show that for each w € W we have SA(w) = A(w)S on the space
Hs+2 x Ho*!, Let w = (w® w!) € W and put My = M(||DwP||%). Then given
v = (v0,v!) € H**2 x H**1 we have

(SA(w) — A(w)S)v = (0, [(1 - D*)*/2, ~MoD?|(v°))
where [, | denotes the commutator of two operators. So it suffices to prove that
[(1-D?%*? —MyD?*(p) =0, e H*2

This obviously holds for ¢ € C§°(R) and then by closure for ¢ € H*+2. This
proves (A3).

Hypothesis (A4) holds with D = W N (C§°(R) x C§°(R)). To verify (f) we first
define a function g: [0,00) x Rx R xR — R by g(t,z,&,n) = h(t,z, &) — € —c(t)n.
Then, given w = (w®, w!) € W, we have, from the definition of f(t,w),

0 0
f(t,w)(a:) = (g(t,z’wo(x),wl(z))> - (g(t’sz(z))> '

So if 0 < r < s we have f(t,w) € H"*1 x H" if and only if g(t,,w(:)) € H" and in
this case

I/t w) = f(&0)ar+rxcmr = gt w()) = g(t, -, w())l-

It follows that the Lipschitz properties of f(¢,w) result from corresponding prop-
erties for g(t,-,w(-)). These properties have been proven in [8, 11] for higher
dimensions and so we shall omit the details. We mention, however, the following
fact which will be useful later on in §4. Let 1 <r < s and B C H" be a bounded
set. Then there is a constant N > 0 depending on B and T such that

(3.8) he(t, - e(Dllru < N(1+ [0ll7)

for all p € B, 0 <t < T. The notation | - ||, denotes the norm of the uniformly
local Sobolev space H, introduced in [11]. The proof of (3.8) is accomplished by
using the chain rule and following the arguments in [11, §5.2].
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We have by (h) that the map (t,z) — g¢(t, z,0,0) belongs to C([0,T}; H*). Thus
f(t,w) € Y with

I/t w)lly <C7+ sup [lg(t,-,0,0)],, O0<t<T, weW.
0<t<T

Given w = (w®,w!) € W, the map t — f(t,w) will be continuous from [0, T] to Z if
the map t — h(t,-,w%(-)) belongs to C([0,T]; H®). Since (¢,z) — h(t,z,0) belongs
to C([0,T); H®) we get the desired result from the continuity of h(t,z, &) and the
Lebesgue Dominated Convergence Theorem. Thus hypothesis (f) is valid.

Using Theorem 1, it follows that for each vg = (ug,u;1) € W there is a unique
strong solution v(t) = (v°(t),v!(t)) of (3.2), (3.3) on an interval [to, to+ ). Setting
u(t,z) = v0(t)(z) gives the required solution of (1.1), (3.1). Q.E.D.

REMARK 1. Let s > 2 and assume that (M), (c) and (h) are satisfied. Suppose
that (ug,u;) € H®t! x H®. Then from Theorem 2 it follows that there is a unique
classical solution u(t,z) of (1.1), (1.2) defined in a maximal domain [0,d) X R,
0 < d < +00. Furthermore, the number d does not depend on s. The reason that d
is independent of the smoothness s is a result of the fact that the partial derivatives
of u(t,z) with respect to z satisfy a linear hyperbolic equation whose coefficients
and forcing term are sufficiently smooth in ¢t and =z.

REMARK 2. Using Theorem 2 we can now state an existence result for the
problem (1.3), (1.4), (1.5).

THEOREM 3. Let s > 2 and consider the problem (1.3), (1.4), (1.5). Let o, 1
denote the odd extensions of ug,u;, respectively, to all of R. Define h(t,z) on
[0,00) x R by

iL(t ) = h(t, ) f0<t<oo, 0<z <00,
)= —h(t,—z) f 0<t<oo, —o0<z<0.
Assume that (g, 1) € H*T' x H® and that h satisfies assumption (h). Then there
15 a unique classical solution u(t,z) of (1.3), (1.4), (1.5) defined on a mazimal
domain [0,d) x [0, 00).

PROOF. We use Theorem 2 to obtain a unique classical solution v(t,z) of the
problem

+o0 .
vee(t, x) — <m0 + %/ [vg(t, 5)|? ds) vez(t, ) = h(t, x), 0<t<d, z€R,
—O00

v(0,7) = Ug(x), v:(0,z) = Uq(x), zeR.

Setting u(t,z) = v(t,z) for 0 < t < d, 0 < z < oo gives the desired solu-
tion. Q.E.D.

4. Global existence. In this section we show that for certain initial data
(up,u1) € H**! x H® we can take d = +o0o in Theorem 2, provided that the
function c(t) is sufficiently large. To state our assumptions, we let 0 < g9 < +o00
be given and put

co = eomg " sup{|M'(A)|: 0 < A <eomg'}.
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We strengthen assumption (h) by assuming:

(h*) The function h(t,z, £) satisfies assumption (h). Furthermore, there exists
positive continuous functions a;(t), 7 = 1,2, and h,(t,z), 7 = 0,1, such that h; €
C([0,T); HO) for each T > 0 and

(41) Ih(t’ z, £)| < al(t)lﬁl + ho(t, ZE), 'h':l:(tv Z, £)| < a2(t)|€| + hl(t’ IE),
forall0<t < +oo,z€R, £ €R.

We now define

(42) R(t) = —— {eo+ t/ot ||h0(1')||3d1}1/2 exp [% fotaf(r)df], £>0,

C

vmo
L(t) = sup{|M’(N)|: 0 < X < R%(t)}, t >0,
(43)  as(t) =sup{lhe(t,,6): € R, €] <VER(), 20,

By hypothesis (h) the function a3(t) is finite and lower semicontinuous on [0, +00).
We further define

K@ =<0+ o [ loa) + DR + sl

(44) ;

+ 2 [laRO) + o olRE) dr, 120
0 JO

We replace assumption (c) by the stronger hypothesis:
(c*) The function ¢ € C[0,00) and c(t) > e*L(t)R(t){mg 'K (t)}*/? for all t > 0.
We define

A
(4.5) M () = /0 M(r)dr,  A>0,

and we note that by (M) we have M*()\) > moA for all A > 0. For each p € H?
and 1 € H' we let

(4.6) (e, 9) = mg*{llel3 + Il + M* (I Del3)}-

To obtain global existence for solutions of (1.1), (1.2) we shall argue by contradiction
and assume that 0 < d < +o0o. The following lemma will give the necessary
estimates on u(t,z) in order to extend u(t,-) beyond [0,d) thereby contradicting
the definition of d.

LEMMA 1. Lets > 2 be fized and let assumptions (M), (c*) and (h*) be satisfied.
Let (up,u1) € H**! x H® satisfy I'(uo,u1) < €0 and let u(t,z) be the solution of
(1.1), (1.2) on a mazimal domain [0,d) X R. If 0 < d < +o00, then there ezists a
finate constant Cq > 0 such that

(4.7) IDZu(®)llo, | DEue(®)llo, | DFuse(t)lo < Ca,  0<t <,
forall0<a<s,0<<s-1,0<~y<s-2.

PROOF. Theorem 2 guarantees the existence of u(t, z) on [0,d) X R which sat-
isfies

u € C([0,d): H*t')NnCY([0,u; H*) N C%([0,d); H*™Y).
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Thus all derivatives in (4.7) are well defined on [0,d). From (4.5) we have

.%M‘ </_:>° uz(t,7)|2 d7‘>
=2M </+oo uz(t, 7)|? dT) /+°° ug(t, T)uge(t, 7) dr.

—00 —00o

(4.8)

We multiply (1.1) by u;(¢,z) and integrate z over R. Using (4.1) and (4.8) we
obtain

1d +o00 +o0
sd | ufd:c+c(t)/_ uldr
1d, ([t 9 1d [t~ ,
+§£M </_°° lus(t, 7)] dT) +§a/~w udz
2 +o0 +o00 +00
< —algt)/ u?dr + é/ lho(t, z)|2 dz+26/ u? dr
—00 —o0 —00

for every € > 0. Choosing € = %co and integrating with respect to ¢:
lus ()11 + M (luz($)113) + lu(®)F < llualF + M* (luol3) + lluolly
4 [t 4 [t
+ 2 [@@heiar+ - [ In@lian  o<t<d
co Jo Co Jo
It follows from (4.2) that
(4.9) [u@llo; lue@)llo, luz(t)llo < R(E), 0<t<d.
We let H(t,z) = h(t,z,u(t,z)); then by (4.1)
|H(t,z)| < a1(t)|u(t, z)| + ho(t, z), (t,z) € [0,d) x R.

So for each t € [0,d) the map z — H(t,z) belongs to L?. Thus the Fourier-
Plancherel transform H(t, ¢) of H(t,z) with respect to z is well defined. We also
let

+oo
(4.10) My(t)=M (/ lug(t, ) dT) , 0<t<d,
|ﬁ't(t’ 6)'2 ~ 2
. = a=——" < .
From equation (1.1) we have
9 —2(t)]is]*  E2Mg(t)|a> | 2Re{Ha:}

aE(t, §)= EM(t)+1  (E2Mp(t) +1)2 ' 2My(t) +1
so that

OE |Mp ()l } |ike|? 2Re{His}
—(t < =< 2c(t) —
ot ( ’ é) - { C( ) Mo(t) §2Mo(t) +1 EzMo(t) +1
forall0 <t <d, £ € R. It follows that
OE < 2Re{H;}

(4.12) ﬁ(t» £) < TEM(D) 1 1 EER,
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for all ¢ satisfying

(4.13) 2¢(t) — |Mp(t)]/Mo(t) > 0.
From (4.10) and assumption (c*) we have
3R < coma 1M (luoaIB)] < <0)
so that the number
(4.14) t* =sup{t € [0,d): 2¢(r) — |[Mo(7)|/Mo(r) >0, 0< 7 <t}
is well defined. We claim that ¢* = d. Suppose this is false, then 0 < t* < d and
(4.15) 2¢(t*) — | Mg (t*)|/Mo(t*) = 0.

It follows from (4.11), (4.12) that

A " Re{H(r, (1, €)}
(4.16)  [a(t, )" < (Mo(t) + 1) [E(0,£)+2 M) 11 }

for all 0 <t < t*, £ € R. We multiply (4.16) by £2? and integrate the result over R
to obtain

luge(t)]12 < Mo(t) [/_m 6“E(O,£)d6+2/_oo ¢ | €2My(7) +

too e{H (T, &)l (T,
v [T e [T [[RURIHRO) 4

+00 too t Re{f](‘r, {)a_t (Ta 6)}

dr d{]

— 00

0<t<t.
From (4.11) we have

+oo
| B0, de < mg fual + Juesl,

— 00

+o00
[ €B0.0)d6 < mg " fusalf + uoze 3.

—00

Also by Fubini’s theorem,

/+°o ’52 ¢ Re{ﬂ(Ta E)Et(T) 6)
—0o  Jo &Mo(r) +1

/+°° 54 ¢ |Re{f1(r, §)5t(r, 3 drd¢ < L /t |‘Hx(7)||ng+ ‘ ”“zt(T)(z)” dr.
™Mo Jo 0

Y dr de < - /0 1E () lole () o dr,

o 0 E2Mo(r) +1 My(7)

Therefore,

Uzt (t 2 _ _ _

Mt ®llo. < 1)1y 12 4 a3 + mg  (mg a3 + ol 2)

My(t)
(4.17) 2 / |Ha(n) |3 dr + / I () lollus(r) o dr
2
+2 “Uzt(‘f)“o dr,

o Mo(r
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for 0 <t <t*. Now by (4.1), (4.9)

/Ot I1H (7)llollue(7)llo dr < /Ot(al(T)R(T) + l[ho(7)llo) R() dr.
Also by (4.9) and the Sobolev Embedding Theorem [1, Lemma 5.15], we have
(4.18) lu(t,z)| < V2R(t), 0<t<d, z€R.
Hence by (4.3)

(4.19) 'Z—Z(t,x,U(t, z))

and from (4.1), (4.9), (4.19) we obtain

<az(t), 0<t<d, z€R,

/ IIHz(T)II?)dTS/ ((a2(7) + a3(r))R(r) + [|h1(7) o) dr.
0 0
Since

mg w1l + luoszllg +mg ' (mg *luallf + lluoz[13) < T(uo,u1) < eo,

it follows from (4.4) and (4.17) that

2 ¢ 2
luae®S ¢ gy 4 [ M8atOIE 4 o<y pe.

Mo(t) o Mo(r)
By Gronwall’s inequality we obtain
(4.20) luze(t)lIf < Mo(t)K (t)e*,  0<t<t™.

From (4.10), (4.20) and (c*) we then have

M(1)| _ 2L()R(t)
Mo(t) — Mo(t)

This contradicts (4.13) so that we must have t* = d. Thus we obtain a constant
Cg4 > 0 such that

(4.21) llw(®)llo, llwe (B)llo, luz()llo, luze(t)llo < Cay,  0<t <d.

To estimate the higher derivatives of u(t, z), we put u*(¢,z) = D2u(t,z) where
1 < a <s—1. Then we know that

u® € C([0,d); H*) N C'([0,d); H') N C*([0,d); H)

luze(®)llo < 2¢(t), 0<t <t

and from (1.1)
ul(t, ) + c(t)ud(t, z) — Mo(t)uZ, (¢, z) + u(t, z)
(4.22) = Dzh(t,z,u(t,z)), 0<t<d, z€R,
u*(0,2) = DZuo(z), wug(0,2) = D2uyi(z), z€R.

Because of (4.21) we can carry out standard energy estimates on (4.22) to obtain
the necessary L2 bounds. We illustrate for the case a = 1, the other cases being
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handled exactly in the same manner. First, we multiply (4.22) by u,; and integrate
z over R. Using (4.1), (4.3) we obtain

1d +o0 )
33 tdz+c(t)/ us, dz

—00

+o00 1d +o00 .
by o) [ atanha i g [T
+oco +o00 2 +o0
< 1M(’,(t)/ ul, dz + ﬂ/ u’dz + a3_(t)/ uld
2 oo € € J_ o

—oo0
1 +oo +00
+ —/ |ha(t, z)|2 dz+36/ ul, dz,
€J o0 —o0

for every € > 0. By (4.10), (4.20) the constant
(4.23) M} =sup{|M}(t)]: 0<t<d}

is finite. So choosing € = ¢y/3 we obtain
(4.24)

luze (1§ + molluzz ()13 + lluz ()1 <lu1zll§ + lluozli§ + M (lluox 13 lluozz 1)

+6cc(:d/[a2(1)+a3(r)+||h1(7')||o]d"

8 [ uat)lBar, 0<t<a
0

It follows from Gronwall’s inequality that
luzz(®)llo < Cay  0<t<d,

for an appropriate constant Cy > 0. Using the equation (1.1) we then obtain an
estimate on u(t, z),
luee(t)lo < Ca, 0<t<d

This proves the lemma in the case s = 2. The other cases s > 2 proceed in a similar
manner. We multiply (4.22) by u@(t,z) and integrate:

%% e (uS(t, z))? dz + c(t )/+°°(u‘t’(t, z))? dz

—00o

+o0 +o00
m{MO t)/ (ue(t, :c))2d:c} 2%/ (uS(t, 2))? dz
= §M6(t) /_oo (uS(t, ))? d:l:+/_o‘J D2h(t,z,u(t,z))ud(t,z) dz.
By the chain rule
0%h
DSh(t,z,u(t,z)) = s = (tz,u(t, 7)) + N

where N is the sum of products of (z, £)-derivatives of h evaluated at (¢, z,u(t,z))
times z-derivatives of u. Thus the integral [~ > toN. u@(t, z) dz can easily be esti-
mated by using the Cauchy-Schwarz 1nequa11ty on products of derivatives of u and
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the L*°-norm on derivatives of h. To use the Cauchy-Schwarz inequality on the
integral

too gap,
| st o)) de

—00

we need an L2-estimate on *h(t,z,u(t,))/0z%. Put h® = 9>h/dz?, then
1 o
he(t,z,u(t,z)) = h*(t,z,0) + ( %’—lg—(t, z, Au(t, z)) dA) u(t, z).
0

Therefore
1A% (2, - u(t, )llo < (2, -, 0)llo + AG[lu(t)]]

where the constant hj is defined by
4 =sup {

By assumption (h) we have h§ < co. This proves the lemma. Q.E.D.

%ig(t,x,e)j: 0<t<d zcR, ¢ sﬁR(d)}-

THEOREM 4. Let s > 3 be fized (see Remark 3) and let assumptions (M), (c*)
and (h*) be satisfied. Let (ug,u;1) € H**t! x H® satisfy T'(uo,u1) < €o, where T s
defined by (4.6) and o > 0 is given in (4.2), (4.4). Then there is a unique classical
solution u(t,z) of (1.1),(1.2) on [0,00) X R which satisfies

(4.25) u € C([0,00); H**1)NC~1([0,00); H®)NC?([0,00); H*™Y).

PROOF. We argue by contradiction and suppose that u(t,z) is defined on a
maximal domain [0,d) x R, where 0 < d < +00. Let My(t) be defined by (4.10)
and define the operator A(t) by

0 -1
A®) = (-Mo(t)Dg 0 )
D(A(t)) =H? xH!, 0<t<d.
Let Yo = H® x H?, Xo = H? x H', Z = H! x H° and define f on [0,00) x Y; by

0
fltwe = (h(t, £, 00(2)) — w0(z) - c(t)wl(z)>
for w = (w°,w!) € Yp. Let v(t) = (u(t,-),us(t,")) and vo = (uo,u1). Then v(t) is
the unique strong solution in Z of the Cauchy problem

(4.26) dv/dt + A(t)v = f(t,v(t)), 0<t<d,

(4.27) v(0) = vo.

Let C4 denote the constant given in (4.7), let M{j be the constant defined by
(4.23) and define My = sup{M()\): 0 < XA < C?}. Now {A(t): 0<t<d}isa
family of closed, linear, densely defined operators in Z. Also, using the arguments
of §3, it is easy to see that {A(t): 0 <t < d} is a stable family in Z on each compact
subinterval [a, b] C [0,d) with stability index {M, 0}, where

M = exp2[An + pn(b— a)]
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(see [8, Lemma 2.1]). Here the constants Ay, pun are defined by

Av = max{mg /%, (Mg + 1)/2},  pn = Lmg M},
We remark that the family of norms {| - ||z): 0 <t < d} associated with {A(t): 0 <
t < d} is given by

+o0

+o0
[El =Mo(t)/ IDz"(a:)l2dx+/ 2! (z)] dz, 2= (%2") € Z.

oo

We let S: Yo — Z be the linear isomorphism given by

1-D? 0
S‘( 0 1_Dg>'

The arguments of §3 show that

(4.28) SA(t)S~! = A(t) on D(A(t)) = H? x H'.

Since the mapping ¢ — A(t) is norm continuous from each compact subinterval
[a,b] C [0,d) to L(Yy,Z), it follows from [10] that there is a unique evolution
operator {U(t,7): 0 < 7 <t < d} associated with {A(¢): 0 <t < d} such that the
solution v(t) of (4.26), (4.27) satisfies

(4.29) v(t) = U(t,0)vo + /t U(t,7)f(r,v(r))dr, 0<t<d.
0

The operator U(t, 7) leaves Y invariant, it is strongly continuous on Yy and satisfies
the estimate (see [8, Lemma 2.6))

(4.30) U7z <exp2An +un(t—7)], 0<7<t<d.

To estimate U(t,7) on Yy we note that (4.28) and [10, Lemma 2] imply that
(4.31) U(t,7) = SU(t,7)S™! on Z, 0<r<t<d.

Hence

(4.32) IU@R7)llve < AsXs exp2An +un(t—7)], 0<7<t<d,

where Ag = [|S[|, s = [|S7!].
We shall now prove that

(4.33) lir(Iil v(t) = vq
t—d~

exists in the space Yy and

(4.34) lir(xil v'(t) = v)
t—d~

exists in the space Xy. By the local existence result Theorem 2, we can then solve
the Cauchy problem

dv/dt + A(v(t))v = f(t,0(8),  t=4d,
v(d) = vq,

in some interval [d,d’], where d’ > d, in the space Yp. Thus we will have a con-
tinuation u(t,z) of u(t, ) to a larger domain [0,d’] x R satisfying the smoothness
condition

@€ c(o,d);H3) nC'([o,d); H*) nC([0,d'); H)
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since we only have vy € Yo = H3 x H%. However, 4(0,z) = uo(z) and %;(0,z) =
u1(z) with (up,u;) € H®+! x H® and by Remark 1 the maximal domain is inde-
pendent of s. Hence 4 satisfies the same smoothness condition as u,
ae C([0,d); H*t')n C'([0,d]; H*) n C*([0,d'); H*71).
This contradicts the definition of d.
Let 0 <t <t+ h < d. Then by (4.29)

v(t+h) —v(t) = [U(t+ h,0) — U(t,0)]vo + o U(t+ h,7)f(r,v(r)) dr
(4.35) t

v [ Wt nn) - UG
0

We first show that

hm ||[U (t+ h,0) = U(t,0)]volly, = 0.

t,t+

In the estimations to be made below, we let C;, © > 1, denote generic constants
which depend only on d. Since ||Sw||z is equivalent to ||w||y, for w € Yy, it follows
from (4.31) that

”[U(t + ha 0) - U(t,O)]vollyo < Cl“[U(t + h» 0) - U(ta 0)]5'00“3

Hence it suffices to prove that

(4.36) t’tl+n’{1_'d I[U(t+ h,0) —U(t,0)]2||z =0, z€Z.
Given y € Yy, we have

t
(4.37) Ult,")y=y— / A(o)U(o, 1)y do, 0<r<t<d.
Since

IAM)llve,z = sup [A®)yllz < (1+ M2, 0<t<d,

Yllyy <1
it follows from (4.37) that
Lm0+ h,0) - U602 =0,  yeT
Since Y} is dense in Z and since (4.30) holds, it follows that (4.36) is valid.
Now consider the second term on the right-hand side of (4.35). From (4.32) we

have

(4.38)
t+h
U(t+ h,7)f(r,v(r)) dr

t+h

< AN, exp20n + pnd) / 17(r,v(r)) v, dr
Yo

t
for 0 <t<t+h<d. Wehave

1@ v@)llve = 1h(E, - ult, ) — ult, ) = c(t)ue(t, )l2-
Since s > 3, it follows from Lemma 1 that

(4.39) lut, Mz < Ca, Nwe(t, )2 < C2y 0t <d.
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From the expression
1
h(t,z,u(t,z)) = h(t,z,0) +/ he(t, z, Au(t, z))u(t, z) dA
0
we have

IA(E, - u(t, )iz < NIA(E, -, 0)]2 +/0 l[he (-, Ault, )z ullu(t, )2 dA.

From inequalities (3.8), (4.39) we obtain a constant C2 > 0 such that
lhe(t, - Au(t, )|z < C2y  0<t<d, 0<ALL
Therefore
IA(E, - u(t,))ll2 < IR, 0)2+ Cs,  0<t<d,

and so there is a constant Cy4 > 0 such that ||f(¢,v(t))|ly, < Cs for all 0 < t < d.
Thus by (4.38) we obtain

/ Ult +h,7)f(r,0(r)) dr|| = 0.

t t+h—>d

Yo

Now consider the last term on the right-hand side of (4.35). There is a constant
Cs > 0 such that

MU+ h,7) = U ) f (ro(m)lve < CslUE+ Ry 7) = U 7)ISF(7,0(7))ll 2

By (8, Lemma 2.5] the function 7 — f(7,v(7)) is strongly measurable from [0, d) to
Yo. So if we let z(r) = Sf(r,v(r)), then 2(7) is strongly measurable from [0, d) to
Z. Now define

Y(t,n,7) =[Ut,7) =U(m,7)2(1)llz, 0<r<n<t<d

Then for each (t,7) the function (¢,n,7) is measurable in 7 and for each 7 it is
continuous in (¢,7n). Thus for each 7 we have (see (4.36))

t,r}l—IEi— 1/1(t,71,7') =0

and by Lebesgue’s Dominated Convergence Theorem

hm / Y(t,n,7)dr =
It follows that
t
im0 b Ul Lol dr =0
Thus from (4.35) we obtain

: . _
pedim lle(t+h) = v(t)lly, =0

and this proves (4.33). Using (4.26) and (4.33) we obtain (4.34). Q.E.D.
REMARK 3. Theorem 4 is also valid for s = 2 if we assume, in addition to (c*),
that ¢ € C[0,00). In this case we replace A(t) and f(t,w) in (4.26) by

At) = (—Mo(zt)Dﬁ c’(t1)> ., D(A(t)) = H? x H!,
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and
f(t,w)(z) = (h(t,:c, wo(::))) 3 wo(z)> , w= (w,w') €Y.

REMARK 4. When the left-hand side of (1.1) does not explicitly depend on
u(t, z), then we can considerably simplify the expressions (4.2), (4.4) which occur
in the growth assumption (c*) on ¢(t). We illustrate this in the following theorem,
which concerns the equation

we(t, ) + c(t)us(t, z) — M ( /

—00

400
ua(t, o) ds) Uza(t,2) + u(t,2)

= h(t,z), 0<t<oo, z€R.

(4.40)

THEOREM 5. Let s > 3 (see Remark 3 for the case s = 2). Assume that (M)
is satisfied and let 0 < g9 < +00 be given. Suppose h € C([0,00); H?) and define
for t > 0 the quantities

co = eomg 2sup{|M’(A)|: 0 < X < egomg '},

1 4 [t 1/2
Rolt) = = {eo+ 2 [ lEarf
(441) Ko = et 2 [ et lERotr) ir |
(4.42) Lo(t) = sup{|M'(V]: 0< A < R3(1)}.

Suppose that c(t) satisfies

(4.43) c€C[0,400) and c(t) > mg'Lo(t)Ro(t)\/Ko(t), t>0.
For each p € H?, ) € H' define

8(p, %) = llelld + ID*lIg + 19117 + M* (I Del§)-

Then for each (ug,u;) € H*t! x H® satisfying ®(ug,u1) < €o, there is a unique
global classical solution u(t,z) of (4.40), (1.2) on [0,00) X R such that (4.25) holds.

Since the proof is entirely similar to Lemma 1 and Theorem 4, we omit the
details.

5. Boundedness of solutions. In Theorems 4 and 5 we see that if the initial
data is “small”, in the sense that I'(ug,u;1) or ®(up,u;) is small, then we obtain
global solutions provided c¢(t) grows rapidly enough. However, it is not inherent
in these arguments that the solution must remain small. Indeed, the forcing term
is allowed to grow with respect to ¢t. So in order to establish boundedness of the
solutions we need a separate argument.

THEOREM 6. Suppose that the hypotheses of Theorem 4 are satisfied. Suppose
also that in assumption (h*) we have

(5.1) a1 € L?[0,00) and ho € L*([0,00); H?).

Then for each (ug,u;) € H*t! x H® satisfying T'(ug,u1) < €9, the corresponding
solution u(t, ) of (1.1), (1.2) is bounded on [0,00) X R.
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PROOF. Define

Rleo) = <= CI nho(r)||3dr}l/2 exp [30 "o dr] -

Then by (4.2), (4.18) we have
lu(t,z)| < V2R(t) < V2R(c0), 0<t<oo, z€R. QED.

REMARK 5. A similar result on boundedness holds for solutions of (4.40), (1.2).
In addition to the hypotheses of Theorem 5, let us assume that h € L2([0, 00); H%)N
L(]0,00); H®) and h,, € L!([0,00); H®). Then for each (ug,u;) € H*+! x H*
satisfying ®(uo, u1) < €o the corresponding solution u(t, ) of (4.40), (1.2) and also
u(t, z) are bounded on [0, 0) X R.

NOTE ADDED IN PROOF. Since the submission of this manuscript, three
other important publications on this subject have been brought to my attention.
Two works by T. Nishida, A note on the nonlinear vibration of an elastic string,
Mem. Fac. Engrg. Kyoto Univ. 34 (1971) and Nonlinear vibration of an elas-
tic string. II (preprint), concern the global existence of analytic solutions of the
undamped initial-boundary value problem corresponding to (1.1) on a bounded in-
terval 0 < « < L. J. M. Greenberg and S. C. Hu, The initial-value problem for a
stretched string, Quart. Appl. Math. 38 (1980), 289-311, consider the undamped
pure initial-value problems (1.1), (1.2) with h(z,t,u) = u. For special types of non-
linearities M(A) and certain classes of initial conditions (1.2), they obtain global
existence and asymptotic behavior of solutions.
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